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Abstrat
Quantum Chromodynamis on a lattie with Wilson fermions and a hirally twisted
mass term is onsidered in the framework of hiral perturbation theory. For two and
three numbers of quark avours, respetively, with non-degenerate quark masses the pseu-
dosalar meson masses and deay onstants are alulated in next-to-leading order inlud-
ing lattie eets quadrati in the lattie spaing a.
When quantum eld theories are simulated numerially, the introdution of a nite spae-time
lattie brings with it two standard problems. In order to obtain results relevant to the physis
in the innite ontinuum the eets of the nite lattie spaing a and of the nite volume of the
system have to be ontrolled. The resulting demands on the lattie are limited by the available
omputer resoures. Simulations of Quantum Chromodynamis are faing a third diulty.
The ommon algorithms slow down severely when the masses of the light quarks are dereased
towards their physial values.
Reent investigations [1, 2, 3℄ suggest that lattie QCD with Wilson fermions and a hirally
twisted quark mass term [4, 5℄ oers an attrative framework for numerial simulations with
small up- and down-quark masses. In partiular, for the ase of full twist lattie artifats of
order a are removed automatially [6℄. For a review of twisted mass lattie QCD see [7℄.
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An important tool for QCD is hiral perturbation theory [8, 9, 10℄. For suiently small
quark masses it desribes the dependene of mesoni quantities like masses and deay onstants
on the quark masses in terms of expansions in powers of quark masses (modied by logarithms).
These expansions ontain low energy parameters, the Gasser-Leutwyler oeients, whih have
to be determined by methods outside hiral perturbation theory.
Chiral perturbation theory is partiularly suited for lattie QCD. In its range of applia-
bility, it an be used to extrapolate the results of Monte Carlo simulations into the region of
small quark masses. On the other hand, numerial simulations of lattie QCD an provide
information about the Gasser-Leutwyler oeients, see [11℄ for a review.
The adaption of hiral perturbation theory to lattie QCD [12, 13, 14, 15, 16℄ brings the
lattie spaing a in as a seond expansion parameter. In the eetive hiral Lagrangian lat-
tie artifats are represented by additional terms proportional to powers of a [14℄. Physial
quantities appear in double expansions in quark masses and in a.
Chiral perturbation theory has been extended to the ase of twisted mass lattie QCD in
[17, 18℄. The resulting expansions ontain the twist angle as an additional parameter. Results
for various quantities have been alulated in next-to-leading order of hiral perturbation theory
inluding lattie eets of order a2 [17, 18, 19, 20, 21, 22, 23, 24℄.
In most of the work the ase of degenerate quark masses is onsidered. Current numerial
work on twisted mass lattie QCD with non-degenerate quark masses [25℄ motivates to imple-
ment this situation in hiral perturbation theory. This is the purpose of the work presented
here.
We onsider lattie QCD with Nf = 2 or 3 quark avours and a twisted mass term. In
the two-avour ase we onsider split quark masses (mu 6= md). In the ase of three avours
we restrit ourselves in this letter to equal up- and down-quark masses and a heavier strange
quark mass (mu = md 6= ms). The masses and deay onstants of the pseudosalar mesons are
alulated in next-to-leading (one-loop) order, inluding lattie terms of order a2.
Chiral perturbation theory for pseudosalar meson masses in untwisted lattie QCD with
Nf = 3 avours of Wilson quarks has been onsidered in [26℄. These authors use a power
ounting sheme dierent from the one of [14, 16, 17, 18℄ and a dierent parameterization
of the ation, whih hampers a omparison of our alulations. The results whih ould be
ompared in the limit of vanishing twist angle do agree. The ase of twisted mass lattie QCD
with 2+2 avours has been studied reently by means of hiral perturbation theory in [27℄. The
implementation of mass non-degenerate quarks in twisted mass hiral perturbation theory for
two avours has been onsidered by Walker-Loud and Wu [28℄. They extend the formalism to
the baryon setor and alulate nuleon and delta masses.
In lattie QCD a hiral twist of the quark mass term is generally introdued by transforming
the quark mass matrix M into
M(ω) = e iωbTbγ5 M e iωbTbγ5 , (1)
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where Tb are the generators of SU(Nf) and ω denotes the set of group parameters ωb. In
ontrast to the situation in the ontinuum, on the lattie the hiral transformation of the mass
matrix has a measurable eet on observables sine in lattie QCD with Wilson fermions hiral
symmetry is broken by lattie artifats.
In hiral perturbation theory the low energy regime of QCD is desribed by an eetive
Lagrangian for the pseudo-Goldstone bosons of spontaneously broken hiral symmetry. For
Nf = 3 they form the pseudosalar meson otet inluding the pions, kaons and η.
The transformation properties of the Goldstone bosons in QCD lead to ollet the dynamial
variables in the SU(Nf ) matrix valued eld
U(x) = exp
(
2
i
F0
Tb φb(x)
)
, (2)
where φb are the omponents of the meson elds and F0 is a low energy parameter. Treating
quark masses and lattie eets perturbatively in a spurion analysis with respet to the required
symmetry properties, the leading order eetive hiral Lagrangian for lattie QCD is given
by [12, 14℄
LLO ≡ L2 = F
2
0
4
Tr
(
∂µU ∂µU
†
)− F 20
4
Tr
(
χU † + Uχ†
)− F 20
4
Tr
(
ρU † + Uρ†
)
, (3)
onsisting of the hiral symmetri kineti term and two hiral symmetry breaking terms. The
rst of them ontains the quark mass term, given by
χ = 2B0M, (4)
and in the seond one lattie artifats are represented by
ρ = 2W0a1, (5)
where B0 and W0 are additional parameters.
Note that we use the power-ounting sheme of [14, 16℄, aounting for terms of order {m, a}
in leading order and {m2, ma, a2} in next-to-leading order. In order to dene an appliable
sheme we always assume the lattie eets to be smaller: W0a≪ B0mq.
Introduing a hiral twist, the mass matrix in the eetive Lagrangian beomes
χ(ω) = 2B0 e
−iωbTb M e −iωbTb , (6)
in the so-alled twisted basis. The ωb-dependene of the mass term an be removed by hanging
to the physial basis, i.e. by a hiral transformation of the onguration matrix
U −→ U ′ = e iωbTb U e iωbTb (7)
and a orresponding hiral twist of the lattie term aording to
ρ −→ ρ(ω) = e iωbTb ρ e iωbTb . (8)
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Omitting the prime on the meson eld and suppressing the expliit ωb-dependene of the lattie
term, the eetive Lagrangian looks like the one of untwisted lattie QCD. However, the intro-
dution of a hirally twisted mass term leads to a shift of the minimum φ˜ 6= 0 of the eetive
Lagrangian of order a. Chiral perturbation theory, whih is based on an expansion around
this minimum, has to be adapted aordingly. We treat the nontrivial minimum perturbatively
aording to the applied sheme. Denoting the minimum
U0 = exp
(
2
i
F0
Tb φ˜b
)
, (9)
a substitution
U −→ U1/20 U U1/20 (10)
is performed before expanding the Lagrangian. The tree-level and one-loop ontributions of
the resulting L2 have the same form as those of ontinuum hiral perturbation theory, but with
dierent leading order meson masses whih inlude lattie artifats, see below.
The next-to-leading order part of the eetive Lagrangian in the present power ounting
sheme is given by [16, 17℄
L4 =− L1
[
Tr
(
∂µU∂µU
†
)]2 − L2 [Tr (∂µU∂νU †)]2 − L3 Tr ([∂µU∂µU †]2)
+ L4 Tr
(
∂µU∂µU
†
)
Tr
(
χ†U + U †χ
)
+W4 Tr
(
∂µU∂µU
†
)
Tr
(
ρ†U + U †ρ
)
+ L5 Tr
(
∂µU∂µU
†(Uχ† + χU †)
)
+W5 Tr
(
∂µU∂µU
†(Uρ† + ρU †)
)
− L6
[
Tr
(
χ†U + U †χ
)]2 −W6 Tr (χ†U + U †χ)Tr (ρ†U + U †ρ)−W ′6 [Tr (ρ†U + U †ρ)]2
− L7
[
Tr
(
χ†U − U †χ)]2 −W7 Tr (χ†U − U †χ)Tr (ρ†U − U †ρ)−W ′7 [Tr (ρ†U − U †ρ)]2
− L8 Tr
(
χ†Uχ†U + U †χU †χ
)−W8 Tr (ρ†Uχ†U + U †ρU †χ)
−W ′
8
Tr
(
ρ†Uρ†U + U †ρU †ρ
)
. (11)
Next-to-leading order terms are given by tree-level ontributions from L4 and one-loop
ontributions from L2. The latter produe divergenies, whih are treated by renormalizing the
low energy oeients Li, Wi and W
′
i .
First we onsider Nf = 2 avours with non-degenerate quark masses. Following [29℄, to
ensure positivity of the fermion determinant we implement the quark mass splitting and the
hiral twist with dierent generators Tb. Beause T3 = τ3/2 is usually hosen for the twist, we
use T1 = τ1/2 for the mass dierene. Dening
χ0 = B0(md +mu) and χ1 = B0(md −mu), (12)
we have
χ = χ01+ χ1τ1 (13)
and
ρ = ρ01+ i ρ3τ3 , (14)
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where ρ0 = 2W0a cosω and ρ3 = 2W0a sinω. Due to the properties of the Pauli matries only
the L7 and L8-terms lead to ontributions involving the mass splitting χ1.
For the minimum of the eetive Lagrangian we obtain
φ˜1 = φ˜2 = 0 (15)
and
φ˜3 = F0
ρ3
χ0
[
1− 8
F 2
0
(2L86 −W86)χ0
]
+O(a2) , (16)
where terms of order a2 an be negleted at this order of the alulation, and we dene
Lij = Li +NfLj . (17)
From a one-loop alulation of the renormalized propagator we obtain the pion masses in
next-to-leading order. Owing to the unequal quark masses and the hiral twist the three masses
are generally dierent. For the omponent φ2 ≡ π2 we get
M2pi2 = m
2
pi +
m4pi
32π2F 20
ln
(
m2pi
Λ2
)
+
8
F 2
0
[
− Lr
54
χ0(χ0 + ρ0)−W r54(χ0ρ0 + ρ20 + ρ23)
+ 2Lr
86
(χ2
0
− ρ2
3
) + 2W r
86
(χ0ρ0 + ρ
2
3
) + 2W ′r
86
ρ2
0
]
, (18)
where mpi denotes the leading order pion mass,
m2pi = χ0 + ρ0 +
ρ23
2χ0
, (19)
Λ is the renormalization sale, usually taken to be 4πF0, and the supersript r indiates the
renormalized L, W and W ′ oeients.
The masses of the other two pions an be read of from the mass splittings
M2pi1 −M2pi2 =
16
F 20
Lr
87
χ2
1
, (20)
M2pi2 −M2pi3 =
16
F 2
0
(Lr86 −W r86 +W ′r86)ρ23 . (21)
Setting χ1 = 0, this is onsistent with the results for degenerate quark masses [17, 20℄. Moreover
we observe O(a)-improvement at maximum twist ω = π/2, where ρ0 = 0.
Note that with our hoie of SU(2) generators, π1 is the neutral pion, and the harged pions
are linear ombinations of π2 and π3. Due to the twist, however, the mass eigenstates are not
the usual harged pions but the omponents π2 and π3.
The pion deay onstant Fpi is given by the matrix element
〈0|Aµ,a|φb(~p)〉 = iFφpµδab , (22)
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where Aµ,a is the axial urrent. In next-to-leading order one an determine the deay onstant
inluding order a terms. We get
Fpi
F0
= 1− 1
16π2F 2
0
m2pi ln
(
m2pi
Λ2
)
+
4
F 2
0
(Lr
54
χ0 +W
r
54
ρ0) (23)
without any ontributions of the quark mass dierene χ1 and oiniding with the result of
[17℄.
Now we turn to the onsideration of Nf = 3 avours with degenerate up- and down-quarks
and a heavier strange-quark. The generators of SU(3) are given by the Gell-Mann matries
Tb = λb/2. Dening χs = 2B0ms, the quark mass matrix is given by
χ =
1
3
(2χ0 + χs)1− 1√
3
(χs − χ0)λ8 . (24)
For Nf = 3 it is generally possible to introdue a twist with two twist angles involving all
avours. In view of the fat that the motivation for twist is to eliminate infrared problems
stemming from the light quark masses, and in order to ensure a positive quark determinant
[30℄ we implement a hiral twist by a single angle ω in the isospin setor of the lightest quarks,
leading to
ρ =


ρ0 + i ρ3 0 0
0 ρ0 − i ρ3 0
0 0 |ρ|

 = 1
3
(2ρ0 + |ρ|)1− 1√
3
(|ρ| − ρ0)λ8 + i ρ3λ3 (25)
with |ρ| = 2W0 a.
The minimum of the potential is shifted again in T3-diretion to
π˜3 = F0
ρ3
χ0
[
1− 8
F 2
0
{(2L8 −W8)χ0 + (2L6 −W6)(2χ0 + χs)}
]
+O(a2). (26)
At leading order the pseudosalar meson masses are
m2pi = χ0 + ρ0 +
ρ23
2χ0
, (27)
m2K =
1
2
[
(χs + χ0) + (|ρ|+ ρ0) + ρ
2
3
2χ0
]
, (28)
m2η =
1
3
[
(2χs + χ0) + (2|ρ|+ ρ0) + ρ
2
3
2χ0
]
. (29)
Inluding the tree-level and one-loop terms at next-to-leading order we obtain the pion
6
masses
M2pi1,2 =m
2
pi +
m2pi
96π2F 20
[
3m2pi ln
(
m2pi
Λ2
)
−m2η ln
(
m2η
Λ2
)]
+
4
F 20
[
(4Lr8 + 8L
r
6 − 2Lr5 − 4Lr4)χ20 + (4Lr6 − 2Lr4)χ0χs
+ (−2Lr5 − 4Lr4 + 4W r8 + 8W r6 − 2W r5 − 4W r4 )χ0ρ0 + (2W r6 − 2W r4 )χ0|ρ|
+ (−2Lr
4
+ 2W r
6
)χsρ0
+ (−2W r5 − 4W r4 + 4W ′r8 + 8W ′r6 )ρ20 + (−2W r4 + 4W ′r6 )ρ0|ρ|
+ (−4Lr8 − 8Lr6 + 4W r8 + 8W r6 − 2W r5 − 4W r4 )ρ23 + (−2Lr6 − Lr4 + 2W r6 )ρ23 χsχ0
]
. (30)
This expression shows that the presene of the strange quark, whose mass term is not subjet
to any hiral twist here, foils the O(a)-improvement at maximal twist, as expeted.
The mass splitting, given by
M2pi1,2 −M2pi3 =
16
F 20
(Lr86 −W r86 +W ′r86)ρ23 , (31)
is formally equivalent to that obtained for Nf = 2, taking the dierent Gasser-Leutwyler
oeients into aount.
For the kaons we get
M2K =m
2
K +
m2K
48π2F 20
m2η ln
(
m2η
Λ2
)
+
2
F 2
0
[
(2Lr
8
+ 8Lr
6
− Lr
5
− 4Lr
4
)χ2
0
+ (4Lr
8
+ 16Lr
6
− 2Lr
5
− 6Lr
4
)χ0χs
+ (2Lr
8
+ 4Lr
6
− Lr
5
− 2Lr
4
)χ2s
+ (−Lr
5
− 4Lr
4
+ 2W r
8
+ 8W r
6
−W r
5
− 4W r
4
)χ0ρ0
+ (−Lr5 − 4Lr4 + 2W r8 + 6W r6 −W r5 − 2W r4 )χ0|ρ|
+ (−Lr
5
− 2Lr
4
+ 2W r
8
+ 6W r
6
−W r
5
− 4W r
4
)χsρ0
+ (−Lr
5
− 2Lr
4
+ 2W r
8
+ 4W r
6
−W r
5
− 2W r
4
)χs|ρ|
+ (−2W r5 − 6W r4 + 4W ′r8 + 12W ′r6 )ρ0(ρ0 + |ρ|)
+ (−4Lr
8
− 8Lr
6
+ 4W r
8
+ 8W r
6
− 2W r
5
− 6W r
4
+ 4W ′r
6
)ρ2
3
+ (−2Lr
8
− 6Lr
6
+ Lr
4
+ 2W r
8
+ 6W r
6
−W r
5
− 4W r
4
)ρ2
3
χs
χ0
]
, (32)
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and for the η-mass
M2η =m
2
η +
m2η
48π2F 20
[
3m2K ln
(
m2K
Λ2
)
− 2m2η ln
(
m2η
Λ2
)]
+
m2pi
96π2F 2
0
[
m2η ln
(
m2η
Λ2
)
− 3m2pi ln
(
m2pi
Λ2
)
+ 2m2K ln
(
m2K
Λ2
)]
+
4
9F 20
[
(12Lr
8
+ 24Lr
7
+ 24Lr
6
− 2Lr
5
− 12Lr
4
)χ2
0
+ (−48Lr
7
+ 60Lr
6
− 8Lr
5
− 30Lr
4
)χ0χs + (24L
r
8
+ 24Lr
7
+ 24Lr
6
− 8Lr
5
− 12Lr
4
)χ2s
+ (−2Lr5 − 12Lr4 + 12W r8 + 24W r7 + 24W r6 − 2W r5 − 12W r4 )χ0ρ0
+ (−4Lr
5
− 24Lr
4
− 24W r
7
+ 30W r
6
− 4W r
5
− 6W r
4
)χ0|ρ|
+ (−4Lr5 − 6Lr4 − 24W r7 + 30W r6 − 4W r5 − 24W r4 )χsρ0
+ (−8Lr
5
− 12Lr
4
+ 24W r
8
+ 24W r
7
+ 24W r
6
− 8W r
5
− 12W r
4
)χs|ρ|
+ (−10W r
5
− 24W r
4
+ 36W ′r
8
+ 48W ′r
7
+ 48W ′r
6
)ρ2
0
+ (−8W r5 − 30W r4 − 48W ′r7 + 60W ′r6 )ρ0|ρ|+ (−24Lr8 − 24Lr7 − 24Lr6
+ 24W r
8
+ 24W r
7
+ 24W r
6
− 10W r
5
− 24W r
4
+ 12W ′r
8
+ 24W ′r
7
+ 24W ′r
6
)ρ2
3
+ (24Lr
7
− 30Lr
6
+ 9Lr
4
− 24W r
7
+ 30W r
6
− 4W r
5
− 24W r
4
)ρ2
3
χs
χ0
]
. (33)
In addition to the masses we determine the deay onstants for the pseudosalar meson
otet. The results are for the pions
Fpi
F0
= 1− 1
32π2F 20
[
2m2pi ln
(
m2pi
Λ2
)
+m2K ln
(
m2K
Λ2
)]
+
4
F 2
0
[Lr5χ0 + L
r
4(χs + 2χ0) +W
r
5 ρ0 +W
r
4 (|ρ|+ 2ρ0)] , (34)
for the kaons
FK
F0
= 1− 3
128π2F 20
[
m2pi ln
(
m2pi
Λ2
)
+ 2m2K ln
(
m2K
Λ2
)
+m2η ln
(
m2η
Λ2
)]
+
2
F 2
0
[Lr
5
(χ0 + χs) + 2L
r
4
(χs + 2χ0) +W
r
5
(|ρ|+ ρ0) + 2W r4 (|ρ|+ 2ρ0)] , (35)
and for the η meson
Fη
F0
= 1− 3
32π2F 2
0
m2K ln
(
m2K
Λ2
)
+
4
3F 20
[Lr
5
(2χs + χ0) + 3L
r
4
(χs + 2χ0) +W
r
5
(2|ρ|+ ρ0) + 3W r4 (|ρ|+ 2ρ0)] . (36)
In the limit of equal quark masses for all avours, χs = χ0, and vanishing twist these
expressions oinide to
Fpi
F0
= 1− Nf
32π2F 2
0
[
m2pi ln
(
m2pi
Λ2
)]
+
4
F 2
0
[Lr54χ0 +W
r
54ρ0] , (37)
8
reovering the result of [14℄.
As a hek, in the ontinuum limit, ρ = 0, our formulae for Nf = 3 go over into those of
[10℄.
The expressions given here an be used in the analysis of numerial results from unquenhed
simulations of twisted mass lattie QCD with two or three avours. Fitting the data for masses
and deay onstants with the hiral perturbation formulae will allow to extrat numerial values
for the low energy oeients [3, 25℄.
We thank I. Montvay, F. Farhioni and P. Hofmann for disussions.
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